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Abstrat
This note fouses on the large−N behaviour of the Hard Wall model of QCD and laries
the AdS/QCD ditionary formulated on the basis of the AdS/CFT orrespondene. It is
shown how short-distane studies performed in the framework of the AdS/QCD Soft Wall
model allow one to determine unambiguously the hiral symmetry breaking funtion in
the Hard Wall model. Espeially, the dierent forms of the eld/operator presription are
emphasized. The large−N behaviour of the Hard Wall model is then heked onsidering
form fators of the pion in the hiral limit.
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1 Introdution
Although onsiderable simpliation is obtained in the large−N limit of QCD, orre-
sponding to the planar diagram approximation of the theory [1℄, its resolution in the
infrared (IR) regime remains one of the most intriate long-standing problem for partile
physiists. For instane, it has not been possible, up to now, to derive an analytial ex-
pression for the interation fore between the two onstituents of a quarkonium qq′ from
QCD itself. Nevertheless, a new hope arose when J.M. Maldaena onjetured in 1998
that a four-dimensional strongly-oupled gauge theory ould be desribed equivalently
by a weakly-oupled string theory living in a higher-dimensional spae-time [2℄. Stritly
speaking, this so-alled AdS/CFT orrespondene deals, on the one hand, with a four-
dimensional supersymmetri and onformal strongly-oupled SU(N) Yang-Mills theory
in the large−N 't Hooft limit and, on the other hand, with a weakly-oupled type-IIB
(oriented losed) superstring theory in the low-energy or supergravity limit (where the
stringy eets O(ℓs
2) ∼ O( 1√
N
) with ℓs the typial string length are negleted at rst
approximation). The bulk in whih propagate the non-interating strings is the produt
of a ve-dimensional anti-de Sitter spae-time AdS5 with a 5-sphere S
5
. As for the dual
gauge eld theory, it is dened on the four-dimensional AdS5 boundary (for a detailed
explanation of the orrespondene, the reader is referred to, e.g., [3℄).
It is useless to say that its appliability to a onning gauge theory is far to be obvious.
Indeed, as a theory of the Standard Model, QCD ontains no supersymmetri partner of
the quarks and of the gluons. Moreover, the asymptoti freedom of QCD introdues a
mass sale ΛQCD at whih arises the onnement mehanism responsible of the ohesion
of the quarks within the hadrons. Nonetheless, it ould be possible to modify Maldaena's
onjeture in order to treat suh theories as well. Some indiations are indeed stimulat-
ing whih ondue to pursue in this diretion: for asymptotially high energies, QCD
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presents a nearly onformal behavior sine the running strong oupling onstant van-
ishes logarithmially and the quark masses are negligible in omparison with the energies
brought into play in the ultraviolet (UV) regime. On the other hand, at lower energies,
the QCD β funtion ould have an IR xed point related to the 'freezing behaviour' of
the oupling [4℄ and thus to a onformal window for QCD [5℄. Two omplementary ap-
proahes exist on the market whih aim at identifying the dual theory of QCD. In the
historially rst approah, the so-alled top-down approah [6℄, the onformal invariane
and the supersymmetry are broken, respetively, by ompatiation (the ompatia-
tion radius giving rise to a dimensionful parameter, namely, the mass gap of QCD) and
appropriate boundary onditions on the ompatied dimensions. The AdS geometry is
then deformed into a Shwarzshild blak hole−AdS geometry where the event horizon
plays the role of an IR brane whose the loation is related to the Bekenstein-Hawking
temperature (i.e. the thermal temperature of the gauge theory). On the other hand,
aording to the bottom-up or AdS/QCD approah, one fouses on the phenomenologial
properties of QCD and uses them as guidelines in order to onstrut its ve-dimensional
dual theory.
The expliit arrying out of the holographi priniple [7℄ onsists in assoiating, in
a one-to-one orrespondene, a dual p-form bulk eld, generially denoted φ(x, z) where
xµ (µ = 0, . . . , 3) are the usual 4d Minkowski oordinates and z is the 5th holographi
oordinate (dual to the energy sale at whih is observed the onformal eld theory (CFT)
dened on the AdS boundary at z → 0), with a p-form CFT operator O(x) with onformal
dimension ∆. The square mass m2AdS of the bulk eld is given in terms of ∆ and of the
rank p of the form aording to the AdS/CFT relation:
m2AdSR
2 = (∆− p)(∆ + p− d) (1.1)
where d = 4 is the dimension of the boundary spae-time and R is the so-alled AdS radius
(having the dimension of a length). The relevane of the AdS/CFT orrespondene omes
from the fat that it allows one to derive any n-point orrelation funtions of the boundary
onformal eld theory by means of its dual AdS theory [8℄. The method is based on the
equivalene between the generating funtional of the onneted orrelators of the 4d CFT
and the AdS5 partition funtion. The onjeture is preisely that [7℄〈
e
i
R
∂AdS5
d4x O(x)φ0(x)
〉
CFT
= eiS5d[φ(x,z)]
∣∣∣∣
φ →
z→0
φ0
(1.2)
where S5d[φ(x, z)] is the supergravity ation (obtained by inserting the eld solutions of
the lassial equations of motion, hene the absene of path integral on the φ eld on-
gurations on the r.h.s. of (1.2)). On the other hand, the bulk eld φ(x, z) is required
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to approah asymptotially the soure eld φ0(x) assoiated with the operator O(x) de-
ned on the boundary. As for a massive salar bulk eld (i.e. p = 0), its near-boundary
behaviour when z → 0 turns out to be
φ(x, z) →
z→0
zd−∆
[
φ0(x) +O(z
2)
]
+ z∆
[
A(x) +O(z2)
]
(1.3)
where A(x) = 〈O(x)〉
2d−∆ is argued to be related to the vauum expetation value of the CFT
operator [9℄. In general, the relation between φ(x, z) and φ0(x) involves the so-alled
bulk-to-boundary propagator φ(x− x′; z, 0):
φ(x, z) =
∫
ddx′ φ(x− x′; z, 0)φ0(x′) (1.4)
and the derivation of the orrelation funtions from supergravity side gives expressions
involving suh propagators. In the 4d Fourier spae with respet to the boundary oordi-
nates xµ, the onvolution (1.4) reads
φ˜(q, z) = φ˜(q2, z)φ˜0(q) , (1.5)
written in terms of Fourier transformed elds dened by
φ(x, z) =
∫
ddx
(2π)d
eiq·xφ˜(q, z) . (1.6)
Any attempt to establish the AdS/QCD orrespondene involving a non-onformal and
non-supersymmetri Yang-Mills theory, if there is suh a duality, should use a proess of
suessive modiations, keeping in touh as muh as possible with the heked AdS/CFT
presription briey desribed above. Several senarios have been proposed whih break
the onformal invariane by warping the AdS5 geometry in the IR region at large z. In
the framework of the bottom-up approah, the Hard Wall model [10, 11, 12℄ onsists in
trunating AdS5 by ompatifying the holographi oordinate 0 ≤ z ≤ zm where the IR
uto is related to the QCD mass gap zm ≃ 1/ΛQCD. Thus, QCD is rudely seen as a
onformal eld theory up to a spei energy sale at whih the onformal symmetry is
sharply broken. The light hadron spetrosopy [13℄, the meson and nuleon form fators
[14, 15, 16℄, the two-point orrelation funtions [17℄, the deep inelasti sattering struture
funtions [18℄, the hiral symmetry breaking mehanism and the U(1) problem [19℄ have
been investigated. In partiular, it has been shown that the spetrum satises a Kaluza-
Klein behavior m2n ∼ n2 instead of the expeted Regge behavior m2n ∼ n (n is the radial
exitation number). To remedy this shortoming, the Soft Wall model has been proposed
whih introdues a smooth IR uto through a bakground dilaton eld [20, 21, 22℄. The
hadrons have also been studied in the framework of Dp/Dq-brane systems [23℄, as in the
Sakai-Sugimoto D4/D8-D8 model [24℄. The (p+1)-dimensional SU(N) QCD-like theory is
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desribed by a stak of N oinident Dp-branes whereas the avour degrees of freedom are
introdued by nf Dq-branes in the probe limit where their bak-reation an be negleted
[25℄.
The ve-dimensional holographi model proposed in [11℄ fouses on the low-energy
phenomenology of the lightest mesons. Being interested in the hiral dynamis of QCD,
only a small number of operators are relevant. In partiular, in order to aount for the
hiral symmetry breaking, a salar bulk eld v(z), dual to the vauum expetation value
of the operator qq, is introdued in the 5d eetive ation. Aording to (1.3) with d = 4
and ∆ = 3, it behaves near the UV brane as
1
z
v(z) →
z→0
mq
R
(1.7)
where the soure mq is the light quark mass. It is not surprising to nd the AdS radius
R on the r.h.s. of (1.7) as it is the only dimensionful parameter assoiated with the UV
region of the holographi spae (the hard uto zm being related to the IR region). As
a matter of fat, the exat solution of the linearized equation of motion (see (2.21) and
(3.65) below) is:
v(z) =
mq
R
z +
σ
R
z3 (1.8)
where σ is rather systematially identied in the literature with the hiral ondensate σ =
−〈qq〉. As pointed out in [26℄, suh a naive identiation leads to inonsistenies regarding
the large−N behaviour sinemq ∼ O(N0) and 〈qq〉 ∼ O(N) [27℄. The aim of this note is to
reexamine the large−N behaviour of the Hard Wall AdS/QCD model by onsidering the
stati and dynami properties of the pion in the hiral limit. Espeially, it is emphasized
that no systemati modiation of the standard eld/operator orrespondene is required
in order to have a onsistent large-N behaviour in the Hard Wall model (in other words,
we shall still follow the UV boundary ondition (1.7)). The letter is organized as follows:
after reviewing in setion 2 the Hard Wall model in details, we revise the derivation of
the Gell-Mann-Oakes-Renner relation (GMOR) in setion 3, that will allow us to identify
unambiguously the quark mass and the hiral ondensate entering the expression of the
so-alled hiral symmetry breaking funtion v(z). These studies shed light on the preise
formulation of the AdS/QCD ditionary. Finally, we hek the large−N behaviour of the
Hard Wall model by onsidering the pion eletromagneti and gravitational form fators
from whih an be derived mean square radii and oupling onstants.
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2 The Hard Wall model for a 5d gravity dual of QCD
Following [11℄, we onsider a 5d onformally at spae-time (the bulk) desribed by the
metri (M,N = 0, . . . , 4 and µ, ν = 0, . . . , 3):
ds2 = gMN(z)dx
MdxN =
R2
z2
(
ηµνdx
µdxν − dz2
)
(2.9)
with
gMN(z) =
R2
z2
ηMN (2.10)
and
ηMN =
(
ηµν 0
0 −1
)
(2.11)
where ηµν = diag(+1,−1,−1,−1) is the at metri tensor of the 4d Minkowski boundary
spae. The holographi oordinate z runs from zero to the hard wall loated at zm. The
5d eetive ation able to reprodue the hiral properties of QCD is:
S5d = S
(grav.)
5d + S
(matter)
5d (2.12)
S5d = − 1
2κ2
∫
d5x
√
g
(
R+ Λ
)
(2.13)
+
1
k
∫
d5x
√
g Tr
{
|DX|2 −m25X2 −
1
4g25
(G2L +G
2
R)
}
(2.14)
where the matter ontribution S
(matter)
5d governing the dynamis of the bulk elds is sup-
plemented with the ve-dimensional gravity ation S
(grav.)
5d [16, 28℄. g = det(gMN) is the
determinant of the tensor metri, κ2 is the 5d Newton onstant and R is the salar ur-
vature of the AdS5 spae-time, inversely related to the AdS radius R. With our mostly
minus signature (2.11), the osmologial onstant of the AdS5 spae-time is negative
Λ = −3
5
R = − 12
R2
. The trae operator Tr ats on the hiral avour internal spae sine,
aording to the AdS/CFT ditionary, the hiral symmetry SU(nF )L × SU(nF )R at the
boundary must be gauged in the bulk. In the sequel, we will onsider the ase of two light
avours nF = 2. The overall parameter k has the dimension of a length while the gauge
oupling g25 is dimensionless (whih is also the onvention used by [22℄ in the framework
of the Soft Wall model).
In the hiral limit that we will onsider here, the relevant QCD operators are the
left-handed and the right-handed urrents, jaLµ = qLγµt
aqL and j
a
Rµ = qRγµt
aqR, orre-
sponding to the SU(2)L×SU(2)R hiral symmetry group and the hiral order parameter
qiRq
j
L (when nF = 2, t
a = σ
a
2
are the Pauli matries with a = 1, 2, 3 and i, j = 1, 2
the avour adjoint and fundamental indies, respetively). All the other operators are
supposed to not have signiant role at low energy and an be negleted when writing
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the eetive ation. The bulk eld ontent of the 5d dual theory onsists then of the
left-handed and right-handed gauge elds AaLM (x, z) and A
a
RM
(x, z). As for the operator
qiRq
j
L, it is dual to the bi-fundamental salar eld:
X ij(x, z) =
(v(z)
2
+ S(x, z)
)ik(
e2iπ
b(x,z)tb
)kj
(2.15)
whih is massive m25R
2 = −3 aording to (1.1) with p = 0 and ∆ = 3 and involves
the bulk elds Sik(x, z) dual to the salar mesons, the dimensionless pseudo-salar elds
πb(x, z) and the bakground eld vik(z), written as vik(z) = v(z)δik in the isospin limit,
whih desribes the expliit (mq 6= 0) and impliit (〈qq〉 6= 0) hiral symmetry breaking.
The non-Abelian eld strength tensors
GL,RMN = ∂MAL,RN − ∂NAL,RM − i[AL,RM , AL,RN ] (2.16)
and the ovariant derivative
DMX = ∂MX − iALMX + iXARM (2.17)
an be expressed in (2.14) in terms of the vetor V aM = (A
a
L+A
a
R)/2 and axial-vetor A
a
M =
(AaL−AaR)/2 bulk elds dual to the urrents jaV µ = qγµtaq and jaAµ = qγµγ5taq respetively.
One obtains G2L+G
2
R = 2(G
2
V +G
2
A) and DMX = ∂MX−i[VM , X ]−i{AM , X}. Moreover,
under the parity, the transformation rules of GVMN and GAMN are opposite whih enables
us to identify:
GVMN = FVMN − i[VM , VN ]− i[AM , AN ] , (2.18)
GAMN = FAMN − i[VM , AN ]− i[AM , VN ] (2.19)
with FVMN ≡ ∂MVN − ∂NVM and FAMN = ∂MAN − ∂NAM the Abelian vetor and axial-
vetor eld strength tensors. The quadrati part of the 5d eetive ation in (2.14) takes
then the form (we shall not onsider the salar bulk eld S(x, z) in the following):
S
(2)
5d =
1
k
∫
d5x
√
g Tr
{1
4
(
gMN∂Mv∂Nv−m25v2
)
+v2gMN(∂Mπ−AM )(∂Nπ−AN )− 1
2g25
(F 2A+F
2
V )
}
(2.20)
from whih an be derived the linearized equations of motion for the dierent bulk elds.
It is straightforward to write the equations satised by the hiral symmetry breaking
funtion v(z) and the Fourier transform (1.6) of the vetor eld V˜ aµ (transverse sine the
vetor urrent is onserved). We have:
∂z
( 1
z3
∂zv(z)
)
+
3
z5
v(z) = 0 (2.21)
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and (in the axial-like gauge V˜ az = 0)
∂z
(1
z
∂zV˜
a
µ (q, z)
)
+
q2
z
V˜ aµ (q, z) = 0 . (2.22)
On the other hand, provided that v(z) is non-zero, the longitudinal omponents of the
axial-vetor bulk eld AaM , dened as ∂Mφ
a = AaM−Aa⊥M , are physial degrees of freedom
and are related to the pion while the (normalizable modes of the) transverse omponents
Aa⊥M desribe the axial-vetor mesons. Sine the pion eld π
a
in (2.15) and the longi-
tudinal part ∂φa of the axial-vetor eld desribe both the pseudo-salar mode (partile
and external urrent), they must be taken into aount if we want to treat the pion in a
onsistent way. The pion mode is thus desribed by two oupled dierential equations.
Indeed, the variation of (2.20) with respet to the axial-vetor eld A˜aM (in the axial-like
gauge A˜az = 0 and onsidering the transverse property qµA˜
µa
⊥ = 0 in the 4d boundary
spae-time) gives:
∂z
(1
z
∂zA˜
a
⊥µ(q, z)
)
+
1
z
(
q2 − R
2g25v(z)
2
z2
)
A˜a⊥µ(q, z) = 0 , (2.23)
∂z
(1
z
∂zφ˜
a(q, z)
)
− R
2g25v(z)
2
z3
(
φ˜a(q, z)− π˜a(q, z)
)
= 0 , (2.24)
q2∂zφ˜
a(q, z)− R
2g25v(z)
2
z2
∂zπ˜
a(q, z) = 0 . (2.25)
In terms of the vetor and axial-vetor bulk-to-boundary propagators (1.5), the lin-
earized equations of motion (2.22) and (2.23) write out:
[
∂z
(1
z
∂z
)
+
q2
z
]
V˜ (q2, z) = 0 (2.26)
and [
∂z
(1
z
∂z
)
+
1
z
(
q2 − R
2g25v(z)
2
z2
)]
A˜(q2, z) = 0 . (2.27)
It is worth pointing out that these propagators satisfy, when v(z) = 0 in (2.27), the same
equation of motion. It results a nonphysial degenerate mass spetrum between the ρ
and the a1 mesons, removed one the hiral symmetry is broken. Hene, the importane
of having a onsistent expression for v(z). The propagators satisfy the UV Dirihlet
boundary onditions:
V˜ (q2, 0) = A˜(q2, 0) = 1 (2.28)
in order to interpret V˜ a0µ(q) and A˜
a
0⊥µ(q) as soure elds and Neumann boundary ondi-
tions at the IR brane (z = zm):
∂zV˜ (q
2, z)
∣∣∣
z=zm
= ∂zA˜(q
2, z)
∣∣∣
z=zm
= 0 . (2.29)
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For spae-like momentum Q2 = −q2 > 0, the solution of (2.26) is (Q ≡
√
Q2):
V˜ (Q2, z) = Qz
(
K1(Qz) +
K0(Qzm)
I0(Qzm)
I1(Qz)
)
, (2.30)
written in terms of modied Bessel funtions of the rst and seond kind. Its low-z and
low-Q2 expansions are respetively:
V˜ (Q2, z) =
z→0
1 +
Q2z2
4
(
ln(Q2z2)− ln 4 + 2γE − 1 + 2K0(Qzm)
I0(Qzm)
)
+O(z4) (2.31)
and
V˜ (Q2, z) =
Q2→0
1− Q
2z2
4
(
1− 2 ln( z
zm
)
)
+O(Q4) (2.32)
whih shows that V˜ (0, z) = 1.
The study of the two-point vetor urrent orrelation funtion in the framework of the
Hard Wall model proeeds from the equivalene (1.2) applied to QCD. We start from the
vetor quadrati part of the ation (2.20) whih, evaluated on the solution to the lassial
5d equation of motion (2.22), gives only the surfae term:
S
(2)
5d = −
1
2
R
kg25
∫
d4q
(2π)4
V˜ a0µ(q)Π
µν
⊥ (q)V˜
a
0 ν(−q)
[
V˜ (q2, z)
1
z
∂zV˜ (q
2, z)
]∣∣∣
z=ǫ→0
(2.33)
with Πµν⊥ (q) ≡ ηµν − q
µqν
q2
the orthogonal projetor. Deriving twie with respet to the
vetor soure elds, one obtains [11℄:
Π
(AdS)
V
ab
µν(q) = δ
ab(qµqν − q2ηµν)
( 1
q2
R
kg25
V˜ (q2, z)
1
z
∂zV˜ (q
2, z)
)∣∣∣
z=ǫ→0
(2.34)
whih has to be ompared with the expression in QCD:
Π
(QCD)
V
ab
µν(q) ≡ i
∫
d4x eiq·x〈0|T [jaV µ(x)jbV ν(0)]|0〉 = δab(qµqν − q2ηµν)Π(QCD)V (q2) . (2.35)
In general, the orrelation funtions derived in AdS side are singular when z → 0 and
must be regularized by an UV uto zmin ≡ ǫ identied with the renormalization sale
1/ν. The mathing [11, 29℄ between the perturbative parts of (2.34) and (2.35) allows
one to extrat the fator
kg2
5
R
:
Π
(AdS, pert.)
V (Q
2) = − R
2kg2
5
ln(Q2z2)
∣∣∣
z= 1
ν
Π
(QCD, pert.)
V (Q
2) = − N
24π2
ln
(
Q2
ν2
)

 ⇒ kg
2
5
R
=
12π2
N
(2.36)
with N the number of olors. Not surprisingly, this is also the predition of the Soft
Wall model [20℄, sine it desribes the same UV physis as the Hard Wall model (the
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bakground dilaton eld, whih smoothly warps the IR bulk region from AdS5, vanishes
when z → 0).
The two-point orrelator (2.35) an also be written as an innite sum over the inter-
mediate vetor states |ρan(p, λ)〉:
Π
(QCD)
V (q
2) = −
∑
n
F 2Vn
(q2 −m2Vn + iǫ)m2Vn
. (2.37)
The deay onstants FVn of the vetor mesons are dened by
〈0|jaV µ(x)|ρbn(p, λ)〉 = e−ip·xδabFVn ε(λ)µ (p) (2.38)
where the polarization vetors ε
(λ)
µ (p) generate (together with the momentum pµ) a om-
plete set in the sense that ∑
λ
ε(λ)µ (p)ε
(λ)
ν (p) = −ηµν +
pµpν
p2
(2.39)
with ε(λ)(p) · p = 0 and ε(λ)(p) · ε(λ′)(p) = −δλλ′ . On the other hand, Green's theorem
applied to (2.26) allows us to express the vetor bulk-to-boundary propagator in terms of
a sum over the vetor resonanes [11℄:
V˜ (q2, z) = −
∑
n
vn(z)
q2 −m2Vn + iǫ
( 1
z′
∂z′vn(z
′)
)∣∣∣
z′=ǫ→0
(2.40)
where the normalizable modes vn(z), solution of (2.22) with q
2 = m2Vn :
vn(z) =
√
2
z
zm
J1(mVnz)
J1(mVnzm)
, (2.41)
desribes, aording to the AdS/CFT ditionary, the vetor mesons and are subjet to
the following onstraints:
vn(0) = 0 , (2.42)
∂zvn(z)
∣∣∣
z=zm
= 0 , (2.43)∫ zm
0
dz
z
vn(z)
2 = 1 . (2.44)
Thanks to the IR Neumann boundary ondition (2.43), the Hard Wall model predits a
ρ meson mass spetrum: mVn =
γ0,n
zm
given in terms of the real zeros γ0,n's of the Bessel
funtion of the rst kind J0(mVnzm) = 0. One sets the value of zm from the mass of the
ground state mρ ≃ 775 MeV [30℄: zm = γ0,1/mρ ≃ 1/323 MeV−1 ≃ 0.61 fm. From the
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bulk-to-boundary propagator (2.40), we have also the (square of the) vetor meson deay
onstants. Identifying (2.34) with (2.37), one nds [11℄:
F 2Vn =
R
kg25
(1
z
∂zvn(z)
)2∣∣∣
z=ǫ→0
=
( γ0, n√
2π z2m J1(γ0, n)
)2
. (2.45)
The ase of the axial-vetor urrent jaAµ(x) = qγµγ5t
aq(x) is similar. The two-point
orrelation funtion derived from large−N QCD reads as [27℄
Π
(QCD)
A
ab
µν(q) ≡ i
∫
d4x eiq·x〈0|T [jaAµ(x)jbAν(0)]|0〉
= δab(qµqν − q2ηµν)
(
− f
2
π
q2
−
∑
n
F 2An
(q2 −m2An + iǫ)m2An
) (2.46)
and has to be ompared with
Π
(AdS)
A
ab
µν(q) = δ
ab(qµqν − q2ηµν)
( 1
q2
R
kg25
A˜(q2, z)
1
z
∂zA˜(q
2, z)
)∣∣∣
z=ǫ→0
. (2.47)
The rst term in (2.46) is the massless pion ontribution. The deay onstants of the
axial-vetor mesons and of the pion, dened by:
〈0|jaAµ(x)|ab1n(p, λ)〉 = e−ip·xδabFa1nε(λ)µ (p) ,
〈0|jaAµ(x)|πb(p)〉 = e−ip·xδabifπpµ ,
(2.48)
take then the following AdS forms [11℄:
F 2An =
R
kg25
(1
z
∂zan(z)
)2∣∣∣
z=ǫ→0
, (2.49)
f 2π = −
R
kg25
1
z
∂zA˜(0, z)
∣∣∣
z=ǫ→0
. (2.50)
The axial-vetor normalizable mode an(z) is solution of (2.23) with q
2 = m2An and satises
onstraints similar to (2.42)-(2.44) while the deay onstant of the massless pion is given
in terms of the axial-vetor bulk-to-boundary propagator A˜(0, z), solution of (2.27) at
q2 = 0.
In setion 3.3, we will be interested in the gravitational form fator of the pion whih
enters the expression of the matrix element of the traeless-transverse part Tˆ µν of the
energy-momentum tensor between two one-pion states [16℄. Following the AdS/CFT
ditionary, to this operator orresponds, in the dual theory, a 5d bulk eld, namely the
utuations hMN(x, z) around the at tensor metri in the so-alled Randall-Sundrum
gauge:
gMN(x, z) =
R2
z2
(
ηMN + hMN (x, z)
)
(2.51)
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with hµz = hzz = 0, ∂
µhµν = 0 and h
µ
µ = 0. In this gauge, the equations of motion
derived from (2.13) take the simple form:
∂z
( 1
z3
∂zh˜µν(q, z)
)
+
q2
z3
h˜µν(q, z) = 0 (2.52)
or [
∂z
( 1
z3
∂z
)
+
q2
z3
]
h˜(q2, z) = 0 (2.53)
in terms of the tensor bulk-to-boundary propagator, dened as usual through the relation
(1.5):
h˜µν(q, z) = h˜(q
2, z)h˜0 µν(q) (2.54)
and whih satises the following UV and IR boundary onditions:
h˜(q2, 0) = 1 and ∂zh˜(q
2, z)
∣∣∣
z=zm
= 0 . (2.55)
For spae-like momentum Q2 = −q2 > 0, the solution of (2.53) strongly resembles the
expression (2.30) for the vetor propagator (Q ≡√Q2):
h˜(Q2, z) =
1
2
Q2z2
(
K2(Qz) +
K1(Qzm)
I1(Qzm)
I2(Qz)
)
(2.56)
with the asymptoti behaviours:
h˜(Q2, z) =
z→0
1− Q
2z2
4
+O(z4) , (2.57)
h˜(Q2, z) =
Q2→0
1− Q
2z2
8
(2− z
2
z2m
) +O(Q4) (2.58)
suh that h˜(0, z) = 1.
3 The AdS/QCD ditionary revised
3.1 The pion in the hiral limit
In the hiral limit where the mass of the light quarksmq is put to zero, the pion orresponds
to a would-be Goldstone boson assoiated with the spontaneous breaking of the hiral
symmetry and, as suh, is massless. The Gell-Mann-Oakes-Renner (GMOR) relation
aounts for this behaviour: m2π ∝ mq. We begin to introdue briey the Hard Wall
desription of the pion in the hiral limit [15℄.
When q2 = m2π = 0, the equations of motion (2.24) and (2.25) beomes (the subsript
χ on the pion wave funtions refers to the hiral limit ase):
∂z
(1
z
∂zφχ(z)
)
− R
2g25v(z)
2
z3
(
φχ(z)− πχ(z)
)
= 0 (3.59)
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and
∂zπχ(z) = 0 . (3.60)
The normalizable mode of the pion φχ(z) satises the UV and IR boundary onditions:
φχ(0) = 0 and ∂zφ(z)
∣∣∣
z=zm
= 0 (3.61)
while πχ(z) is a onstant of z. Then, it is onvenient to dene a new bulk eld, the
so-alled hiral eld, as Ψ(z) ≡ φχ(z)− πχ(z) whih is solution to (3.59):
∂z
(1
z
∂zΨ(z)
)
− R
2g25v(z)
2
z3
Ψ(z) = 0 . (3.62)
Moreover, if πχ(z) = −1 then Ψ(z) veries the onstraints:
Ψ(0) = 1 and ∂zΨ(z)
∣∣∣
z=zm
= 0 . (3.63)
It turns out that the equation of motion (3.62) as well as the boundary onditions (3.63)
are also those of the the axial-vetor bulk-to-boundary propagator A˜(0, z) evaluated at
q2 = 0 (see Eqs.(2.27)-(2.29)). As a result, we have the identify:
Ψ(z) = A˜(0, z) . (3.64)
On the other hand, the bakground eld v(z) in (3.62) is solution of (2.21) and reads
v(z) =
m
R
z +
σ
R
z3 (3.65)
where two parameters m and σ, whih do not have to be identied a priori with the quark
mass mq and the hiral ondensate σ ≡ −〈qq〉, have been introdued [17, 26, 31, 32℄.
Nevertheless, sine the two ontributions of v(z) on the r.h.s. of (3.65) aounts for
the expliit and impliit hiral symmetry breaking respetively, it is natural to assume a
proportionality relation between, on the one hand, m and mq and, on the other hand, σ
and σ. Thus, in the hiral limit we are interested in, only remains the seond term:
v(z) =
σ
R
z3 (3.66)
and (3.62) beomes (one denes α ≡ g5σ
3
):
∂z
(1
z
∂zΨ(z)
)
− 9α2z3Ψ(z) = 0 (3.67)
with the solution [15℄:
Ψ(z) = Γ
(2
3
)(α
2
)1/3
z
[
I−1/3(αz
3)− I2/3(αz
3
m)
I−2/3(αz3m)
I1/3(αz
3)
]
. (3.68)
The deay onstant of the massless pion (2.50) takes then the form:
f 2π = −
R
kg25
1
z
∂zΨ(z)
∣∣∣
z=ǫ→0
=
R
kg25
3 · 21/3Γ(2/3)
Γ(1/3)
I2/3(αz
3
m)
I−2/3(αz3m)
α2/3 . (3.69)
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3.2 The hiral symmetry breaking funtion and the AdS/QCD
ditionary
The bakground eld v(z) (3.65) involves two parameters m and σ whih remains to
identify. As they aount for the hiral symmetry breaking, they must be related, in some
way, to the light quark mass mq and the hiral ondensate σ. The latter enter the GMOR
relation whih relates the magnitude of the pion and quark masses to the size of the quark
ondensate:
m2πf
2
π = 2mqσ +O(m
2
q) . (3.70)
In the hiral limit, mq = 0 and the pion is massless. It beomes massive provided the
hiral symmetry is expliitly broken. Although the result is well-known and onsists of
one of the rst insights in support of the Hard Wall model, it is worth summing up
shortly the main steps leading to (3.70) as performed initially by [11℄. When q2 = m2π,
the pseudo-salar normalizable modes φ(z) and π(z) are not independent but satisfy two
oupled dierential equations (2.24) and (2.25). In partiular, we have:
m2π∂zφ(z) =
R2g25v(z)
2
z2
∂zπ(z) . (3.71)
Moreover, they behave asymptotially as
φ(0) = 0 and ∂zφ(z)
∣∣∣
zm
= 0 , (3.72)
π(0) = 0 . (3.73)
The IR boundary ondition of π(z) is, on the other hand, ditated by the hiral symmetry:
sine πχ(z) = −1 in the hiral limit, the value of the pion wave funtion π(z) must
approah −1 at low energies, i.e. near the IR uto zm. Let us rewrite (3.71) as follows:
π(z) = m2π
∫ z
0
du
u3
R2v(u)2
1
g25u
∂uφ(u) (3.74)
where the lower bound of the integral is given by the UV boundary ondition (3.73). Sine
there is a mass gap separating the light pion from the rest of the hadroni spetrum, it is
onsistent to expand the pion wave funtions in powers of m2π in suh a way that
π(z) = m2π
∫ z
0
duf(u)
1
g25u
∂uΨ(u) (3.75)
at leading order. The funtion f(u) = u
3
R2v(u)2
exhibits a peak loated at uc =
√
m
3σ
. The
main ontribution to the integral omes from the neighbourhood of uc. Provided that m
is small in omparison with σ, whih is onsistent with the fat that m and σ are related
to mq and σ respetively, only small values of u give sizeable ontributions to the integral.
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Consequently, the remaining funtion
1
g2
5
u
∂uΨ(u) an be evaluated at u ≃ 0 whih is then
related to the pion deay onstant (3.69):
π(z) = − k
R
m2πf
2
π
∫ z
0
duf(u) . (3.76)
It remains to perform the integration. When z is large, π(z) approahes -1 so that
−1 = − k
R
m2πf
2
π
2mσ
. (3.77)
In order to reover the GMOR relation at leading order (3.70), we have thus to impose
the simple ondition:
mσ =
k
R
mqσ . (3.78)
It is then onsistent to take:
m = mq , (3.79)
σ =
k
R
σ . (3.80)
The AdS/QCD mathing at short distanes of the two-point orrelation funtion of
the vetor urrent (2.36) allowed us to extrat the fator
kg2
5
R
= 12π
2
N
[11℄. This value is
not peuliar to the Hard Wall model. Any holographi model must indeed be onformal
near the UV brane and, as suh, must predit the same UV physis. In partiular, it is
not surprising to reover this value in the Soft Wall model [20℄: the bakground dilaton
eld Φ(z) vanishes when z → 0 while the bulk redues asymptotially to AdS5. On the
other hand, light salar mesons have also been studied in the framework of the Soft Wall
model [22℄ where the 5d eetive ation onsists in oupling preisely the Lagrangian
(2.14) (with the mostly plus signature) to the bakground dilation eld through the over-
all fator e−Φ(z). In this framework, the salar bulk eld SA(x, z), dual to the QCD
operator OAS (x) = q(x)T
Aq(x), inludes in (2.15) singlet S1(x, z) and non-singlet S
a(x, z)
omponents, gathered into the multiplet S = SATA = S1T
0+SaT a with T 0 = InF /
√
2nF
and T a the generators of SU(nF ), with normalization Tr
(
TATB
)
= δAB/2 (A = 0, a and
a = 1, . . . , n2F −1). The mass spetrum and the deay onstants of the salar mesons have
been determined as the poles and the residues of the two-point salar urrent orrelation
funtion, dened in QCD as
Π
(QCD)AB
S (q
2) ≡ i
∫
d4xeiq·x〈0|T [OA(x)OB(0)]|0〉 (3.81)
and whih involves in AdS side the salar bulk-to-boundary propagator [22℄. We have:
Π
(AdS)AB
S (q
2) = δAB
R3
k
S˜(
q2
c2
, c2z2)
e−Φ(z)
z3
∂zS˜(
q2
c2
, c2z2)
∣∣∣
z=ǫ→0
(3.82)
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where
S˜(
q2
c2
, c2z2) =
1
Rc
Γ(
q2
4c2
+
3
2
)(cz)U(
q2
4c2
+
1
2
; 0; c2z2) =
z→0
z
R
. (3.83)
The dilaton parameter c breaks the onformal invariane of the boundary eld theory
(i.e. breaks the isometry group of AdS5) and gives the dimension for all the observables
as the masses, the deay onstants, the ondensates and so on and so forth.
Espeially, the AdS expression of the orrelator an be ompared, at high energies,
with its omputation in QCD (for N = 3), whih enables us to extrat the fator k
R
:
Π
(AdS,pert.)AB
S (Q
2) = δAB R
k
Q2 ln(Q2z2)
∣∣∣
z= 1
ν
Π
(QCD,pert.)AB
S (Q
2) = δ
AB
2
3
8π2
Q2 ln(Q
2
ν2
)

 ⇒ kR = 16π
2
N
(3.84)
and, subsequently, g25 = 3/4 aording to (2.36). Being assoiated with the UV physis at
small z, the value (3.84) an also be used in the framework of the Hard Wall model sine
we are onsidering two equivalent ations, regardless of the dilaton overall fator (Compare
the ation (2.14) with Eq.(3) of [22℄) and, onsequently, the same UV boundary ondition
(1.7). As a result, the hiral symmetry breaking funtion (3.65) takes the following form:
v(z) =
z
R
(mq +
16π2
N
σz2) =
z→0
mq
R
z . (3.85)
Its large−N saling is onsistent sine mq ∼ O(N0) and σ ∼ O(N) yield v(z) ∼ O(N0).
Let us now larify the AdS/QCD ditionary. As in [26℄, we start by onsidering the
singlet ase A = B = 0 of (3.82) and (3.84) with the relation: 2R
k
= 3
8π2
= a
2
2
, where the
parameter a =
√
N
2π
has been introdued in [26℄. We then perform a mere resaling of the
salar bulk eld X(x, z) and of the 5d oupling onstant:
Xˆ(x, z) =
a
2
X(x, z) and
1
gˆ25
=
a2
4
1
g25
. (3.86)
That implies the following renormalization of the 5d holographi ation (2.14):
1
k
∫
d5x
√
g TrL(X, g25, π, AL, AR) ⇒
1
R
∫
d5x
√
g Tr Lˆ(Xˆ, gˆ25, π, AL, AR) . (3.87)
The ation S
(matter)
5d , written in the rst form, involves an overall fator 1/k related to
the number of olors N [12, 17℄. Beause of the salar bulk eld and gauge oupling
redenition (3.86), this N-dependent fator is absorbed on the r.h.s. of (3.87). That
implies modiations in the eld/operator presription. The hiral symmetry breaking
funtion (3.85) beomes indeed:
vˆ(z) =
a
2
mq
R
z +
2
a
σ
R
z3 =
z→0
a
2
mq
R
z . (3.88)
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Aording to (3.65), we have m = a
2
mq and σ =
2
a
σ whih fulls the ondition mσ =
mqσ, analogous to (3.78). Moreover, the large−N behaviour has hanged, being now
vˆ(z) ∼ O(√N). Besides, one usually hooses to renormalize the 5d gauge oupling suh
that gˆ25 =
12π2
N
instead of the gauge bulk elds AaLM and A
a
RM
(or, equivalently, V aM and
AaM), whih has the advantage of letting unhanged the UV boundary onditions (2.28).
Also, the pseudo-salar modes π and φ are not aeted by the resaling (3.86). As a
result, the equations of motion (2.21)-(2.25) and (3.62) and the boundary onditions
(3.63) remain the same with g25 and v(z) replaed by gˆ
2
5 and vˆ(z) (let us point out that
the produts g25 v(z)
2
and gˆ25 vˆ(z)
2
are both N-independent). As for the deay onstants
(2.45), (2.49) and (2.50), they retain their AdS expressions exept for the overall fator
R
kg2
5
whih beomes
1
gˆ2
5
. Finally, the salar bulk-to-boundary propagator (3.83) gains an
additional fator of
a
2
so as to reover a =
√
N
2π
from the mathing (3.84).
The key point in the disussion above referred to the dierent operators at work:
while the soure of the omplex salar bulk eld X(x, z) is assoiated with the operator
qRqL, to the bakground eld v(z) and, for the sake of learness, to the singlet omponent
S1(x, z) of the real salar bulk eld S(x, z) = S
A(x, z)TA orrespond, in the isospin
limit, the vauum expetation value of qq = 2Re(qRqL) and the operator
√
2nF Re(qRqL)
respetively. Hene, we an see the relevane of the fators of 1/2 and of 1/
√
2nF in front
of v(z) and of S1 in (2.15) in order to have the UV asymptoti behaviours (1.7) and (3.83).
3.3 The large−N behaviour of the Hard Wall model of QCD
In the preeding setion, we have determined unambiguously the light quark mass and
the hiral ondensate entering the expression of the hiral symmetry breaking funtion
(3.85) whih enabled us to larify the AdS/QCD ditionary as used in the bottom-up
approah of the holographi models of QCD. We return to our main goal fousing on
the large−N behaviour of the Hard Wall model. Our starting point was the 5d eetive
ation (2.12). A glane at the bulk elds leads us to onlude that they do not sale with
N (see, for instane, the normalizable modes (2.41) and (3.68), the bulk-to-boundary
propagators (2.30) and (2.56), as well as the hiral symmetry breaking funtion (3.85)).
As a onsequene, the square of the deay onstants F 2Vn , F
2
An and f
2
π of the vetor, axial-
vetor and pseudo-salar mesons, respetively (2.45), (2.49) and (2.50), sale as O(N).
This is reminisent of what happens in Chiral Perturbation Theory with the large−N
behaviour implemented [27℄. Although already onlusive, let us go one step further in
our hek by onsidering the eletromagneti [15℄ and gravitational [16℄ form fators of
the pion in the hiral limit.
The vetor form fator Fπ(q
2) of the pion an be obtained from the three-point orre-
17
lation funtion:
Π(QCD)
abc
αµβ(p1, p2) ≡ −
∫
d4xd4y eip1·x−ip2·x〈0|T [jaAα(x)jbV µ(0)jcAβ(y)]|0〉 (3.89)
where the vetor urrent jbV µ is sandwihed between the two axial-vetor urrents j
a
Aα and
jcAβ whih projet on a one-pion state. So, aording to the duality relation (1.2), we need
to onsider in AdS side the following interation terms [15, 33℄:
S
(V PP )
5d =
ǫabc
k
∫
d5x
R
z
[ 1
g25
(
∂z∂
µφa
)
V bµ
(
∂zφ
c
)
+
R2v(z)2
z2
(
∂µφa − ∂µπa
)
V bµ
(
φc − πc
)]
,
(3.90)
the derivation of it being somewhat tedious as involving the use of the equations of motion
(2.22) and (2.24) as well as several partial integrations. In the 4d Fourier spae, one gets:
S
(V PP )
5d =
∫
d4q1d
4q2d
4q3
(2π)12
i(2π)4δ4(q1 + q2 + q3)q
µ
1 ×
ǫabc
k
∫ zm
0
R
z
V˜ bµ (q2, z)
[ 1
g25
(
∂zψ˜
a(q1, z)
)(
∂zψ˜
c(q3, z)
)
+
R2v(z)2
z2
ψ˜a(q1, z)ψ˜
c(q3, z)
]
(3.91)
where
ψ˜a(q1, z) =
1
q21
Ψ(z)
(
− iqα1 A˜a‖0α(q1)
)
(3.92)
is the Goldstone boson bulk eld expressed in terms of the hiral eld Ψ(z) and the
longitudinal omponent A˜a‖0α(q1) of the axial-vetor soure eld. Sine it desribes a
massless mode, only the pole q21 = 0 appears in (3.92). Then, three funtional derivatives
with respet to the vetor V˜ b0µ(q) and the axial-vetor A˜
a
‖0α(p1) and A˜
c
‖0β(−p2) soures
gives the AdS expression of the three-point orrelation funtion (q = p2 − p1):
Π(AdS)
abc
αµβ(p1, p2) =
p1αp2α
p21p
2
2
(p1 + p2)µf
2
πFπ(q
2) . (3.93)
Hene, the eletromagneti form fator of the pion whih, for spae-like momentum Q2 =
−q2 < 0, reads as
Fπ(Q
2) =
R
kg25
1
f 2π
∫ zm
0
dz z V˜ (Q2, z)
[(∂zΨ(z)
z
)2
+
R2g25v(z)
2
z4
Ψ(z)2
]
(3.94)
where V˜ (Q2, z) is the vetor bulk-to-boundary propagator (2.30) and whih satises the
harge normalization Fπ(0) = 1 at Q
2 = 0. The property V˜ (0, z) = 1 and the equation of
motion for Ψ(z) (3.62) allow indeed to write out suessively:
Fπ(0) =
R
kg25
1
f 2π
∫ zm
0
dz z
[(∂zΨ(z)
z
)2
+
R2g25v(z)
2
z4
Ψ(z)2
]
(3.95)
=
R
kg25
1
f 2π
∫ zm
0
dz z
[(∂zΨ(z)
z
)2
+Ψ(z)
1
z
∂z
(∂zΨ(z)
z
)]
(3.96)
Fπ(0) =
R
kg25
1
f 2π
∫ zm
0
dz ∂z
(
Ψ(z)
1
z
∂zΨ(z)
)
. (3.97)
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The integration at zm gives zero beause of the IR Neumann boundary ondition (3.63).
Thus, one obtains:
Fπ(0) =
1
f 2π
Ψ(z)
(
− R
kg25
1
z
∂zΨ(z)
)∣∣∣
z=ǫ→0
= 1 (3.98)
thanks to the UV Dirihlet boundary ondition (3.63) and to the AdS expression of the
massless pion deay onstant (3.69). As it must be, the vetor form fator does not
sale with N whih stems from the ompensation mehanism between R
kg2
5
∼ O(N) and
1/f 2π ∼ O(1/N) [27℄. As for the strong V PP oupling onstants, they follow writing the
vetor bulk-to-boundary propagator in terms of the vetor mass poles mVn , of the residues
FVn (2.45) and of the normalizable eigenfuntion vn(z) (2.41). Eq. (2.40) gives:
V˜ (q2, z) = −
√
kg25
R
∞∑
n=1
FVn vn(z)
q2 −m2Vn + iǫ
. (3.99)
(On the way, one veries that the propagator does not sale with N : V˜ (q2, z) ∼ O(N0).)
The AdS expression of the vetor form fator and of the the gVnππ ouplings follow:
Fπ(q
2) = −
∞∑
n=1
FVn gVnππ
q2 −m2n + iǫ
(3.100)
with
gVnππ =
√
R
kg25
1
f 2π
∫ zm
0
dz z vn(z)
[(∂zΨ(z)
z
)2
+
R2g25v(z)
2
z4
Ψ(z)2
]
. (3.101)
As a result, the large−N ounting rules are onsistent in the AdS/QCD Hard Wall model
as gVnππ ∼ O(1/
√
N) suh that we reover free, stable, non-interating mesons at N →∞.
As a matter of fat, the study of the gravitational from fator of the pion in the hiral
limit gives very similar formulae [16℄. Sine the longitudinal part of the axial-vetor bulk
eld beomes physial and desribes pions provided that the hiral symmetry is broken,
the interation terms must involve all the ouplings of the type hππ, hAπ and hAA where
hµν stands for perturbations of the at tensor metri (2.51). One has:
S(TPP ) =
1
k
∫
d5x
R
z
hµν(x, z)
[
−R
2v(z)2
2z2
(
∂µπ
a−Aaµ
)(
∂νπ
a−Aaν
)
+
1
2g25
(−F aAµzF aAνz+ηαβF aAναF aAµβ)] .
(3.102)
As usual, the funtional derivatives with respet to the soure elds h˜0 µν(q), A˜
a
‖0α(p1)
and A˜c‖0 β(−p2) gives the three-point orrelation funtion inluding the transverse-traeless
part Tˆ µν of the energy-momentum tensor and from whih an be derived the gravitational
form fator of the pion
∗
:
Aπ(Q
2) =
R
kg25
1
f 2π
∫ zm
0
dz z h˜(Q2, z)
[(∂zΨ(z)
z
)2
+
R2g25v(z)
2
z4
Ψ(z)2
]
. (3.103)
∗
The transverse-traeless part of the stress tensor is seleted by substituting in (the 4d Fourier trans-
form of) (3.102) h˜
µν
0
(q) with
[(
ηµρ − qµqρ
q2
)(
ηνσ − qνqσ
q2
)
− 1
3
(
ηµν − qµqν
q2
)(
ηρσ − qρqσ
q2
)]
h˜0 ρσ(q).
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This expression is quite similar to the eletromagneti form fator (3.94) where the vetor
bulk-to-boundary propagator (2.30) is replaed by the tensor one (2.56). Sine h˜(0, z) = 1,
the normalization Aπ(0) = 1 follows and one heks the large−N behaviour for the form
fator: Aπ(Q
2) ∼ O(N0).
For the sake of ompleteness, let us onlude this note by performing some numerial
estimates. For this, it is onvenient to introdue the so-alled radial distribution density
[15℄:
ρ(zˆ, c) =
R
kg25
1
f 2π z
2
m
[(∂zˆΨ(zˆ)
zˆ
)2
+ 9 c2zˆ2Ψ(zˆ)2
]
(3.104)
with
Ψ(zˆ) = Γ
(2
3
)(β
2
)1/3
zˆ
[
I−1/3(βzˆ
3)− I2/3(β)
I−2/3(β)
I1/3(βzˆ
3)
]
. (3.105)
zˆ = z/zm is the dimensionless holographi oordinate while β = αz
3
m and α =
g5
3
k
R
σ.
Imposing that the pion deay onstant (3.69) oinides with the value fπ ≃ 92.4 MeV in
the hiral limit, one gets α ≃ (424 MeV)3 and β ≃ 2.27 with 1/zm ≃ 323 MeV determined
from the mass of the vetor ground state. Beause of the fator of
k
R
in the denition of
α, the quark ondensate σ ≃ (171 MeV)3 turns out to be notieably smaller than Hard
Wall model estimates where this fator is usually omitted. On the other hand, the pion
form fators (3.94) and (3.103) beome:
Fπ(Q
2) =
∫ 1
0
dzˆ zˆ V˜ (Q2, zˆ)ρ(zˆ, c) , (3.106)
Aπ(Q
2) =
∫ 1
0
dzˆ zˆ h˜(Q2, zˆ)ρ(zˆ, c) (3.107)
from whih an be obtained the pion radii dened as the slope at Q2 = 0 of the orre-
sponding form fators [15, 16℄:
〈r2π〉C ≡ −6
dFπ(Q
2)
dQ2
∣∣∣
Q2=0
=
3
2
z2m
∫ 1
0
dzˆ zˆ3
(
1− 2 ln(zˆ)
)
ρ(zˆ) ≃ (0.57 fm)2 ,
(3.108)
〈r2π〉grav. ≡ −6
dAπ(Q
2)
dQ2
∣∣∣
Q2=0
=
3
2
z2m
∫ 1
0
dzˆ zˆ3(1− zˆ
2
2
)ρ(zˆ) ≃ (0.36 fm)2 , (3.109)
to be ompared with the experimental values 〈r2π〉C ≃ (0.67 fm)2 [30℄. On the other hand,
the harge radius turns out to be larger than the gravitational size whih means that the
Hard Wall model predits a more ompatied pion momentum density distribution than
for its harge density [16℄.
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4 Conlusion
This note aimed at larifying some onfusion regarding the large−N 't Hooft limit of
holographi models of QCD. It is in line with an approah onsisting in reduing as muh
as possible the ambiguities stemming from the modiations of the AdS/CFT orrespon-
dene towards any non-AdS/non-CFT duality. In partiular, the devising onerned the
large−N behaviour of the Hard-Wall model whih, used as a guideline, led us to study
the eld/operator presription. Suh subtleties are not systematially taken into aount
when dealing with dierent AdS/QCD models.
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